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. . . It is true that at one time those who speculated as to the causes of physical phenomena,
were in the habit of accounting for each kind of action at a distance by means of a special æthereal
uid, whose function and property it was to produce these actions. They lled all space three and
four times over with æthers of dierent kinds, the properties of which were invented merely to
`save appearances,' so that more rational enquirers were willing rather to accept not only Newton's
denite law of attraction at a distance, but even the dogma of Cotes, that action at a distance is
one of the primary properties of matter, and that no explanation can be more intelligible than this
fact. . .
<. . . >
But in all of these theories the question naturally occurs:  If something is transmitted from
one particle to another at a distance, what is its condition after it has left the one particle and
before it has reached the other?. . . Hence all these theories lead to the conception of a medium in
which the propagation takes place, and if we admit this medium as an hypothesis, I think it ought
to occupy a prominent place in our investigations, and that we ought to endeavour to construct
a mental representation of all the details of its action, and this has been my constant aim in
this treatise. [36]

1. Introduction
Maxwell's equations are foundational to electromagnetic theory. They are the cornerstone of
a myriad of technologies and are basic to the understanding of innumerable eects. Yet there are
a few eects or phenomena that cannot be explained by the conventional Maxwell theory. [2]

The governing equations of ideal magnetohydrodynamics (IMHD) are resulted
from coupling the Maxwell equations for ideal conductive medium and the Euler
equations for ideal uid. A constitutive part of the IMHD governing equations is
the (magnetic) induction law

Bt = ∇ × (u × B) ,

(1.1)

where u(x, t) is the uid velocity, B(x, t) is the magnetic induction, (x, t) is
an inertial Cartesian orthogonal frame of reference, and the lower index t indicates
the partial derivative with respect to t.
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The Alfven theorem [14, 16, 21, 37] of IMHD implies that the following two
important properties of the magnetic induction B hold. The rst property is the
conservation of the magnetic ux
¨
ν · B δS ,
(1.2)
Ψ [L(t)] =
S(t)

where L(t) is an arbitrary closed material (co-moving) contour, S(t) is a surface
bounded by the contour L(t), ν(x, t) is the unit vector normal to S(t), δ is
the (purely) `spatial' dierential (at time t being constant). The property is proved
directly

d
Ψ̇ [L(t)] =
dt

¨

¨
ν · B δS =
S(t)




∂B
(1.1)
ν·
− ∇ × (u × B) δS = 0 , (1.3)
∂t
S(t)

where dot over a symbol here and below indicates the material (`total') derivative
with respect to t.
An other proof follows from the rst Zorawski criterion [53]. It says that the
necessary and sucient condition for the ux of an arbitrary vector eld a(x, t)
through the material surface S(t) to conserve reads

ȧ − a · ∇u + (∇ · u) a = 0 ,

(1.4)

at + u · ∇a − a · ∇u + (∇ · u) a = 0 .

(1.5)

or equivalently

Using the following well known vector identity

∇ × (a × b) = b · ∇a − (∇ · a) b − a · ∇b + (∇ · b) a ,

(1.6)

where b(x, t) = u(x, t), we obtain the condition (1.5) to be

at − ∇ × (u × a) + (∇ · a) u = 0 .

(1.7)

When a = B , ∇·B = 0 (see the fourth equation of the system (2.1) or the second
equation of the system (2.3)), the condition (1.7) transforms into the induction
law (1.1).
The second property is the magnetic eld line conservation, that is the magnetic
lines co-move with the uid, or they are `frozen' into the uid. The second
Zorawski criterion [53] says that the necessary and sucient condition for the
vector eld a(x, t) to be material reads
h
i
a × at − ∇ × (u × a) + (∇ · a) u = 0 .
(1.8)
Again, if a = B , the above condition holds due to ∇ · B = 0 and the induction
law (1.1).
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The both Zorawski criteria are thoroughly discussed in [42, 48].
The second property of the magnetic induction is usually used to introduce
the magnetic eld line velocity w(x, t) and to consider the induction equation (1.1)
in the following formulation

Bt = ∇ × (w × B) .

(1.9)

The component wk of w in the direction of B is actually not determined because
a one-to-one correspon dence between eld lines does not require one-to-one
correspondence between the individual points lying on them [41], whereas the component of w in the direction normal to B is w⊥ = u⊥ . However, the usual convention is to assume that wk = uk , that is w = u.
The above two properties of the magnetic induction B are exactly those known
in ideal hydrodynamics (IHD) for the vorticity

Ω=∇×u

(1.10)

and derived from the Kelvin theorem [25] or the Helmholtz equation [19, 25]

Ωt = ∇ × (u × Ω) .

(1.11)

In IHD phenomena when all the hypotheses of the Kelvin theorem meet then
the property of the conservation of the vorticity lines holds. In contrast to IHD,
in IMHD the magnetic topology may change even when all the hypotheses of
the Alfven theorem meet. A well known example of such a change is magnetic
reconnection. The phenomenon occurs in the solar corona, the Earth's magnetosphere, and laboratory plasmas. Detailed surveys on the subject are presented
in [17, 22, 41, 43, 51, 52]. We note, just in case, that Barrett [2] set up a list of
electromagnetic phenomena not explained by the Maxwell equations.
Since in most theories of magnetic reconnection the induction law (whether
in ideal or non-ideal cases) plays an important role, our concern is the origin of
the induction law in the IMHD limit, rather then magnetic reconnection itself.
The article is arranged as follows.
In section 2 we consider the Minkowski approach currently adopted as a `standard' in most of the existing textbooks on MHD for deriving the Maxwell equations
in moving media.
In section 3 we consider the Maxwell approach based on the theory of molecular
vortices and some mechanical analogies to derive the induction law. One should
refer to [46] to learn more about the theory of molecular vortices and to [10, 26,
39] to know out much interesting on the Maxwell way of reasoning. We show
that in contrast to the well known common opinion Maxwell himself derived
the induction law not only for media at rest but for moving ones as well. In
the IMHD limit his induction law is nothing but the induction law (1.1) of
the IMHD. The history of electrodynamics of moving media is fundamentally
surveyed by Darrigol [1113].
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In section 4 we consider some observations of Boltzmann concerning the Maxwell study on the subject. Boltzmann thoroughly studied the Maxwell legacy
on electromagnetism, namely three articles [29], [3033], [34], and the two-volume
book [35, 36]. He translated the rst and the second articles in German [4, 5] and
supplemented both translations with his own very detailed and insight comments.
He also published in English [6] the list of faults found by him in the rst article.
We implement some comments of Boltzmann to the second article to derive
the corrected induction law.
In section 5 we consider the induction law corrected by Hornig [20] to preserve
the magnetic line topology and not to preserve the magnetic ux. The induction
law after Hornig happens to include the induction law after Boltzmann as a particular case provided some conditions meet.
In section 6 we consider the analogy between the Kelvin and the Alfven theorems and their consequences once again. Some of quite recently published results
of other authors, for example, by Tsinober [50], prove that the analogy is imperfect
or even does not hold. We show that the induction law after Boltzmann does not
actually obey the analogy.
In section 7 we list in brief our observations on the subject.

2. The induction law after Minkowski
Because of our incomplete knowledge of the structure of matter, however, we are entitled to
ask ourselves what statements the relativity principle allows us to make concerning (macroscopic)
processes in moving bodies, assuming processes in bodies at rest to be experimentally known. This
question was answered by Minkowski. . . He showed that the equations for moving bodies follow
unambiguously from the relativity principle and from Maxwell's equations for bodies at rest. . . [40]
We shall not use these formulae in the rather complicated form in which they can be found
in Maxwell's treatise, but in the clearer and more condensed form that has been given them by
Heaviside and Hertz. [28]
The Maxwell's equations of today are due to Heaviside's redressing of Maxwell's work, and
should, more accurately, be known as the Maxwell  Heaviside equations. Essentially, Heaviside
took the twenty equations of Maxwell and reduced them to the four now known as Maxwell's
equations. [2]

The governing equations of electromagnetism being actually the Hertz  Heaviside ones but usually attributed to Maxwell in the proper inertial Cartesian
orthogonal frame of reference (x0 , t0 ), where an undeformable conductive medium
is at rest, read [14, 16, 21, 40]
 0
0
0
0

 ∇ × H = +D t0 + j ,




 ∇0 × E 0 = −B 0 t0 ,
(2.1)


∇0 · D 0 = q ,





∇0 · B 0 = 0 ,
where the following constitutive equations: B 0 = µ H 0 , D 0 = ε E 0 , and the Ohm
law j 0 = σ E 0 are used; E and H being the electric and magnetic elds, D being
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the electric induction (displacement), ε and µ being the electric and magnetic
impermeabilities of the medium, q being the volume density of the free electric
charges, j being the surface density of the electric current, σ being the conductivity
of the medium.
For an undeformable moving medium in an inertial frame of reference (x, t)
moving with the constant velocity v : |v|  c, where c is the speed of light, with
respect to the frame of reference (x0 , t0 ) : t0 = t, x0 = x − tv , the following nonrelativistic transformations of the dependent variables [40]

 0
H = H − v ×D,






 E0 = E + v × B ,


j0 = j − ρ v ,




 0
ρ = ρ + ε ∇ · (v × B) ,
are used for the system of equations (2.1) to hold.
In the IMHD limit the above transformations simplify to the following ones

(

H0 = H ,
E0 = E + v × B = 0 ,

(2.2)

and the remaining part of the system (2.1) reads

(

Bt − ∇ × (v × B) = 0 ,
∇ · B = 0.

(2.3)

Accounting for the vector identity (1.6), where a = v , b = B , the magnetic
induction law (the rst equation of the system (2.3)) simplies as follows

Bt − ∇ × (v × B) = Bt + v · ∇B ≡ Ḃ = 0 .

(2.4)

The above equation means that if an undeformable conductive medium moves
with constant velocity v the magnetic eld B remains unaltered.
In case of a deformable medium it is usually assumed that there is a unique
continuously dierentiable transformation between laboratory (x, t) (or Eulerean)
and material (X, t) (or Lagrangean) frames of reference

x = Φ(X, t) ,

(2.5)

referred to the law of motion. Actually, the transformation (2.5) is rarely known,
and the solution to the following Cauchy problem

(

ẋ(t) = u(x, t) ,
x(0) = X,

(2.6)
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where u is the medium velocity, is implied by the law of motion.
Point-wise application of the transformations (2.2) at v = u leads to the induction equation for the moving deformable medium as follows

Bt − ∇ × (u × B) = 0 .

(2.7)

These formulae are rigorously valid only for uniformly moving bodies and, because of the additivity
of the elds, also when several bodies are present which move uniformly with dierent velocities and
are separated by vacuum regions. The approximation to which. . . are correct will generally be the better,
the smaller the acceleration of the substance. [40]

Hence, obtaining the induction law after Minkowski implies supplementary
assumptions not referred to by most of the textbooks. Sedov [44,45] studied applicability of these assumptions to moving media at large deformations.

3. The induction law after Maxwell
The consideration of the action of magnetism on polarized light leads, as we have seen, to
the conclusion that in a medium under the action of magnetic force something belonging to the same
mathematical class as an angular velocity, whose axis is in the direction of the magnetic force, forms
a part of the phenomenon.
This angular velocity cannot be that of any portion of the medium of sensible dimensions
rotating as a whole. We must therefore conceive the rotation to be that of very small portions of
the medium, each rotating on its own axis. This is the hypothesis of molecular vortices. [36]
We shall suppose at present that all the vortices in any one part of the eld are revolving
in the same direction about axes nearly parallel, but that in passing from one part of the eld
to another, the direction of the axes, the velocity of rotation, and the density of the substance of
the vortices are subject to change. [30]
Auch die Gleichungen, welche Maxwell hier f
ur die electromagnetische Wirkung in bewegten
medien aufstellt, hat Hertz anfangs u
bersehen. [5]

To derive the induction law (as a constitutive part of his set of the governing
equations for the electromagnetic phenomena) Maxwell, rstly, introduced an inviscid continuum (or a medium, referred to the microuid below) consisting of cylindrical vortices rotating as quasi-rigid bodies (prop. I [30], pp. 165  167), as shown
in Fig. 1.
Secondly, Maxwell interpreted quantities used in electrodynamics as follows:
µ (magnetic impermeability) being a value depending on the density of the microuid and the position of the vortices (prop. I [30], pp. 165  167, prop. III [30],
pp. 167  175), E (the electric eld induced by free electric charges) being the force
with what intermediate particles treated as free electric charges act on the vortices (prop. VII [31], pp. 288  289), and H (the magnetic eld, the magnetic
induction B = µH ) being the following vector (prop. I [30], pp. 165  167, prop. III
[30], pp. 167  175)

H = w τ = rω τ = r ω ,

(3.1)

where r, w, and ω are denoted in Fig. 1, a.
In prop. VIII [31], pp. 289  291, Maxwell derived the induction law for the
microuid at rest (the second equation of the system (2.1)), i. e. for the case when
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Fig. 1. Micromotion of the element of a vortex tube: before
deformation at instant t (a ) and after deformation at instant t0 (b )

magnetic induction changes being inuenced by the only eld E . In props. IX
and X he considered the change of magnetic eld being inuenced by only small
deformation, treating separately the strain and the rigid rotation between two
instants t and t0 = t + ∆t, ∆t = dt = Dt.
In prop. IX [31], p. 340, Maxwell considered the innitesimal `parallelopiped'
(not the innitesimal cylinder, as the element of a vortex tube!) with its three
edges being parallel to the axes x1 , x2 , x3 of a xed orthogonal frame of reference
(or a Cartesian laboratory frame, see Fig. 2) and equaled to h1 , h2 , h3 . From
the continuity property of the medium (this means that the volume of the parallelepiped remains unaltered) and the conservation of energy Maxwell concluded that
due to the strain the following relations hold

Dstr Hκ
D h
= str κ ≡ λκ ,
Hκ
hκ

κ = 1, 2, 3,

(3.2)

where D stands for the `deformational' dierential (one should not confuse the
dierential D with the dierential δ in the magnetic ux denition (1.2) and
the magnetic ux conservation property (1.3), since the dierential δ is used
only for the spatial integration, as the increment for spatial variables at t being
constant), Hκ are the Cartesian components of the magnetic eld H , and λκ are
the extensions of the corresponding edges.
In the modern notation the above relations read

Dstr H = H · Ŝ ∆t ,

(3.3)

where Ŝ ∆t is the symmetric tensor of small deformation, Ŝ being the Euler
stretching tensor [49].
In prop. X [31], pp. 340  341, Maxwell considered the rigid rotation of the
`parallelopiped' and derived the following equation (in the modern notation)
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(3.4)

Drot H = H · Ŵ ∆t ,

where Ŵ ∆t is the skew-symmetric tensor of small rigid rotation, Ŵ being the
Cauchy spin tensor [49].
It is evident that the equations (3.3) and (3.4) are valid for the magnetic
induction B being rewritten as follows

Dstr B
= B · Ŝ,
Dt

Drot B
= B · Ŵ ,
Dt



DB
= B · Ŝ + Ŵ .
Dt

In prop. XI [31], pp. 341  348, Maxwell collected all the results obtained in
props. VIII, IX, and X for the rates of change of B and equated the substantial
derivative of B to the sum of the rates of change of B due to: 1) the action of
the electric eld E , given by the second equation of the system (2.1); 2) the strain,
given by the rst of the above equations; and 3) the rigid rotation, given by the second of the above equations, to obtain

Ḃ ≡

dB
≡ Bt + u · ∇B = B · ∇u − ∇ × E ,
dt

(3.5)

where the unique decomposition ∇u = Ŝ + Ŵ [49] is applied.
Then Maxwell used the microuid incompressibility condition ∇ · u = 0 once
again, the condition of 'the absence of free magnetism' ∇ · B = 0 (Maxwell
formulated this condition in terms of magnetic eld, i. e. as ∇ · H = 0, µ being
constant), and the vector identity (1.6) to derive from the equation (3.5) the induction law for the moving microuid

Bt = ∇ × (B × u) − ∇ × E .

(3.6)

The above equation was not aimed to be principal or nal in the Maxwell
theory and happened to be hidden in his calculations. Actually, Maxwell tried
to account for the notion of electrotonic state introduced by Faraday [15].
The conception of such a quantity, on the changes of which, and not on its absolute magnitude,
the induction current depends, occurred to Faraday at an early stage of his researches (Exp. Res.,
series I, 60). . . He therefore recognised. . . a 'peculiar electrical condition of matter,' to which he gave
the name of the Electrotonic State. He afterwards found that he could dispense with this idea by means
of considerations founded on the lines of magnetic force (Exp. Res., series II, 242), but even in his latest
researches (Exp. Res., series II, 3269), he says, 'Again and again the idea of an electrotonic state (Exp.
Res., 60, 1114, 1661, 1729, 1733) has been forced upon my mind.' [36]
Central to the Maxwell formulation of electromagnetism was the Faraday concept of the electrotonic
state (from the new Latin tonicus, of tension or tone; from the Greek tonos, a stretching). [2]

Hence, following the idea of electrotonic state, Maxwell introduced the vector
potential A: B = ∇ × A, and derived from equation (3.6) the following one for
the electric eld

E = At + u × B + ∇ϕ ,
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where ϕ is a scalar potential.
Subsequently, the A eld was

banished from playing the central role in Maxwell's theory and

(but not physical ) auxiliary. This banishment took place during
the interpretation of Maxwell's theory by the Maxwellians, i. e. chiey by Heaviside, Fitzgerald, Lodge
and Hertz. The Maxwell theory and Maxwell's equations we know today are really the interpretation
of Maxwell by these Maxwellians. It was Heaviside who murdered the A eld (Heaviside's description)
and whose work inuenced the crucial discussion which took place at the 1888 Bath meeting of the British
Association (although Heaviside was not present). [2]
relegated to being a mathematical

In the IMFD limit the induction law (3.6) of Maxwell reads

Ḃ − B · ∇u ≡ Bt + u · ∇B − B · ∇u ≡ Bt + ∇ × (u × B) = 0 .

(3.7)

4. The induction law after Boltzmann
Boltzmann, being an inquisitive and shrewd researcher of the Maxwell legacy,
noticed (comment 39 to prop. IX [5], p. 114) that Maxwell had derived the induction equation (3.6) not accounting for the denition of the magnetic eld (3.1)
of his own. And it was Boltzmann who supplemented both the conditions used
by Maxwell, the incompressibility one and the conservation of energy for the medium, with the condition of preserving the cylindrical shape of the vortex tubes
to obtain the following correct constraints for the deformation of any element of
the vortex tubes

Dw
Dr
1 Dh .
1 Dω
=
=−
=
2 ω
w
r
2 h

(4.1)

Boltzmann showed that the corresponding Maxwell constraints were as follows

Dω
Dw
Dr
Dh
=
=−
=
ω
w
r
h

(4.2)

and did not agree with preserving the cylindrical shape of the vortex tubes.
Unfortunately Boltzmann himself did not implement the constraints (4.1) and
the Maxwell denition of the magnetic eld (3.1) to derive the correct induction
law. Hence, in what follows, we implement the Boltzmann correction.
For this we consider the material vector h = hτ = xN − xM , determining
the position of the vortex tube element MN at instant t (Fig. 2, a ). At instant t0
the material vector transforms into h0 = h0 τ 0 = xN0 − xM0 (Fig. 2, b ), where τ is
the unit vector tangent to the axis of the element: |τ | = |τ 0 | = 1.
Using the law of motion of the medium (2.5) we represent the change of h
through the material variables X and the time increment ∆t as follows

h
i h
i
h0 − h = Φ(XN , t0 ) − Φ(XM , t0 ) − Φ(XN , t) − Φ(XM , t) ,
and consequently nd that [49]
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Fig. 2. Macromotion of the element MN of a vortex tube: before
deformation at instant t (a ) and after deformation at instant t0 (b )

Dh
h0 − h
= lim
= h · ∇u ,
∆→0 ∆t
Dt

(4.3)

where the material variables X are assumed to coincide with the laboratory ones x
at instant t (see the formulation of the Cauchy problem (2.6)).
From the above relation for the `deformational' time derivative of the material
vector h we nd for the squared length of h

h·



Dh
1 Dh2
1 Dh2
dh
=
=
=h
= h · Ŝ + Ŵ · h = h · Ŝ · h = h2 θ , (4.4)
Dt
2 Dt
2 Dt
dt

where the scalar function


θ Ŝ, h = |h|−2 h · Ŝ · h = τ · Ŝ · τ

(4.5)

is the normal component of Ŝ in the direction of the axis of the element.
Then, dierentiating the denition of the magnetic eld (3.1), we obtain

DH
Dw
Dτ (4.1) 1 w Dh
Dτ ,
=
τ +w
=
τ +w
(4.6)
Dt
Dt
Dt
2 h Dt
Dt
where the logarithmic `deformational' derivative of the length h of the material
vector h is already known from the equation (4.4) to be
1 Dh
= θ,
h Dt
and the only derivative is needed to be nd is the following one
 


Dτ
D h
1
Dh Dh
(4.3)
=
= 2 h
−
h = τ · ∇u − θ τ .
Dt
Dt h
h
Dt
Dt

(4.7)

(4.8)
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Substituting the `deformational' derivatives of ln h (4.7) and τ (4.8) into the
right hand side of the equation (4.6) we nd for the `deformational' derivative of
the magnetic eld

DH
1
1
= wθ τ + w τ · ∇u − wθ τ = − θH + H · ∇u .
Dt
2
2
The same equation is evident to hold for the magnetic induction
DB
1
= − θB + B · ∇u .
Dt
2

(4.9)

Combining the `deformational' derivative of B (4.9) with the time derivative
of B due to the action of the electric eld (the second equation of the system (2.1))
we obtain the induction law after Boltzmann

dB
1
= B · ∇u − θB − ∇ × E ,
dt
2
and in the IMFD limit it reads
Ḃ ≡

Ḃ ≡

1
dB
= B · ∇u − θB .
dt
2

Representing the total time derivative (material) at the left hand side of
the above equation as the sum of the local and the convective derivatives we obtain
the induction law in more usual formulation

Bt + u · ∇B − B · ∇u + 12 θB ≡ Bt + ∇ × (B × u) + 12 θB = 0 .

(4.10)

5. The induction law after Hornig
Besides, some models are based not on a solution of the corresponding MHD equations but
on some geometrical consideration and on ideas about the motion of frozen-in magnetic eld lines.
This concept of magnetic eld line motion has often led to some confusion; because of that, some
models based on that concept were accurately criticized by Alfven (1976, 1977). We also believe that
physical models cannot be based on the qualitative and to some degree speculative ideas on magnetic
eld line motion (the more so because in some regions the frozen-in conditions are surely violated);
physical models must be constructed on the basis of meaningful solutions of the problems of magnetic
hydrodynamics (or even better, kinetics). [43]

It is known [17,41] that in non-ideal conductive media (plasmas) the magnetic
ux conservation and the magnetic eld line conservation properties are no longer
equivalent, and the eld line velocity w is not determined uniquely.
Hornig [20] considered this case in a purely geometric way and proved that
the most general form of the induction equation preserving the magnetic eld
lines (magnetic topology) and not preserving the magnetic ux is as follows

Bt + ∇ × (B × w) = λB ,

(5.1)
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w being the eld line velocity, the component w⊥ of the eld w not being uniquely
determined, λ being a scalar function of the elds w and B .
We note that the equation (5.1) at w = u directly follows from the second
Zorawski criterion (1.8) applied to the vector eld a(x, t) = B(x, t) when accounting for the second equation of the system (2.3).
Kozlov [24] used even more general form of the condition for the vector
eld a(x, t) to be material, a(x, t), u(x, t) : Rn+1 → Rn , as follows
at + [a, u] = λa ,

(5.2)

where [a, u] is the commutator of the vector elds a(x, t) and u(x, t).
Preserving the magnetic topology means that the corresponding topological
invariants of the led lines, for example, knottedness, linkage etc., remain unaltered.
Topological invariants of the eld lines are explained in [1, 37].

6. Magnetohydrodynamic Analogy
The MHD analogy was originated by Batchelor [3] whose reasoning had been
based on the well known fact that the equations for the vorticity in non-ideal uids
and for the magnetic induction (or for magnetic eld) in non-ideal conductive
media

Ω̇ = ∇ × (u × Ω) + ν ∇2 Ω ,
Ḃ = ∇ × (u × B) +  ∇2 B ,
where ν and  are the kinematic and the magnetic viscosities, are identical in
form.
There is thus a formal analogy between the two solenoidal vectors Ω and H , provided Ω refers to
the motion of non-conducting uid and H to the motion of conducting liquid.
Many of the results concerning vorticity in classical hydrodynamics can now be interpreted in terms
of magnetic eld in the electromagnetic hydrodynamic problem. [3]

The MHD analogy is, in fact, an extension of the popular analogy between
vorticity Ω and material line elements h (proposed by Taylor 1938 [47], and
which goes back to Helmholtz 1858 [19] and Kelvin 1880 [23]), equations for
which in the absence of viscosity are identical in form as well [19] (see the above
equations (1.11), (4.3)):

Ω̇ = Ωt + u · ∇Ω = Ω · ∇u ,
ḣ = ht + u · ∇h = h · ∇u .
We note that it was surely Maxwell who rst proposed the IMHD analogy. In
the footnote at the last page of [31] he remarked the following.
Since the rst part of this paper was written, I have seen in Crelle's Journal for 1859, a paper by
Prof. Helmholtz on Fluid Motion, in which he has pointed out that the lines of uid motion are arranged
according to the same laws as the lines of magnetic force, the path of an electric current corresponding
to a line of axes of those particles of the uid which are in a state of rotation. This is an additional
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instance of a physical
hydrodynamics. [30]
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, the investigation of which may illustrate both electro-magnetism and

analogy

Later on he referred to the IMHD analogy, but as an assumption.
It is impossible, in our present state of ignorance as to the nature of the vortices, to assign the form
of the law which connects the displacement of the medium with the variation of the vortices. We shall
therefore assume that the variation of the vortices caused by the displacement of the medium is subject to
the same conditions which Helmholtz, in his great memoir on Vortex-motion [19], has shewn to regulate
the variation of the vortices of a perfect liquid. [36]

Nowadays these analogies are utilized in most of textbooks on HD and MHD,
for example, the analogy between Ω and h is considered to be valid in [27], though
the above analogies have since been realized to be awed [50].
Indeed, at the kinematic level, Ω = ∇×u, whereas B = ∇×A, but the vector
potential A is not present in the induction law for B (for both cases, the ideal and
the non-ideal ones). At the dynamic level the dierences between Ω and H (or B )
are even more evident. One should address directly to the article of Tsinober [50]
to nd much more on the subject, including experimental evidence.
The current study explains the absence of the MHD analogy between Ω and H
(or B ) and some known aws of the analogy, since the denition of the magnetic
eld H (3.1) given by Maxwell has nothing in common with the denition of
the vorticity Ω of a medium or the angular velocity ω of quasi-rigid rotation of
the vortex tubes of Faraday. And it is the Boltzmann correction to the magnetic
induction law that explicitly accounts for the dierence between H (or B ) and Ω.

7. Conclusions
1. The induction law after Minkowski is based on relativistic geometrical
approach involving no physics of deformable media.
2. The induction law after Maxwell is fully based on the evident theory of molecular vortices but contradicts the denition of magnetic eld by Maxwell.
3. The induction law after Boltzmann xes faults of the Maxwell approach
but implies the tubular foliation of the space lled with a deformable medium.
4. The induction law after Hornig involves an undetermined scalar function
and looks as it were a more general case compared to the induction law after
Boltzmann, nevertheless the former does not imply tubular foliation of the space.
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